Juan Andrés Cabral

Quadratic forms and eigenvalues 1

Given the following quadratic forms, we request:
1. Write each quadratic form in matrix form.

2. Compute the eigenvalues of the associated matrix.

a) In R?
d(xy, ) = 422 + dayxy + Tas.
b) In R?
d(x1,m2) = 23 + 23139 + 3.
c) In R?

d(x1,20,23) = 223 + daya0 + 225 — 3x§.
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Solution

a)
Let the quadratic form be
¢:R* =R, ¢(xy,12) = 425 + dxy29 + T3

1) Matrix form

To express ¢ in matrix form, we seek a symmetric matrix @ such that

$(z1,22) = (11 22) Q <x1>

T2

Notice that the term 4z, x5 corresponds to 2qi2 1 x3. Therefore, if qg;1 = 4 and ¢o2 = 7, then 2q1o = 4
implies gq12 = 2. The associated matrix is thus

o~ (2 3)

2) Eigenvalues of the associated matrix

Hence,

To find the eigenvalues of (), we solve
det(Q — A\I) = 0.

This is equivalent to

det (42A 7:) — (A= N (T=\) = (2)(2) = 0.

Expanding,
(A=XN)(T=X)—4=(28—4A—TA+A?) —4 =7 — 11\ + 24.

We seek the roots of the polynomial A2 — 11\ + 24. Observing that
M 1A +24 = (A —8)(A—3),

we obtain
A =8 and My =3.

b)
Let the quadratic form be

¢:R? 5 R, ¢(x1,20) = 22 + 22129 + 22
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1) Matrix form

To express ¢ in matrix form, we seek a symmetric matrix ¢ such that

Pz, 22) = (21 22) Q (x1>

]

Notice that the term 2z x5 corresponds to 2 g1 €1 2. Therefore, if the coefficient of x% is1(ie, g1 =1)
and the coefficient of x3 is 1 (i.e., gaz = 1), we must have

2q12=2 = qu2=1.

Thus, the associated matrix is

Hence,

2) Eigenvalues of the associated matrix

To find the eigenvalues of ), we solve
det(Q — AI) =0.

det(l_/\ 1 ) = (1-X*-1=0.

This is equivalent to

1 1-A

Expanding the equation:
(1-=XN2=1=1-22+X -1 = \?-2),

which simplifies to
A(A—=2)=0.

Thus, the eigenvalues are:
A1 =0 and Xy =2.

c)
Let the quadratic form be

¢:R® =R, é(xy,x0,23) = 227 + dxyae + 225 — 322

1) Matrix form

To express ¢ in matrix form, we seek a symmetric matrix @ such that

x1

d(x1,20,23) = (z1 22 23) Q [ 72
T3

We observe that:
e The coefficient of 27 is 2, so ¢11 = 2.

e The coefficient of 23 is 2, so qa2 = 2.
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e The coefficient of 23 is —3, so ¢33 = —3.
e The term 4 x1 x5 corresponds to 2 12 1 2, hence g0 = 2.
e No mixed terms involving x3 appear, so q13 = q23 = 0.

Thus, the associated matrix is

2 2 0
Q=122 0
0 0 -3
Hence,
2 2 0
T
o(x1, 20, 3) = (.Tl To T;) 2 2 0 To
xrs
0 0 -3
2) Eigenvalues of the associated matrix
To find the eigenvalues of @), we solve
det(Q — A\I) =0.
Notice that @ has a block-diagonal form:
Q =
The 2 x 2 block is
2 2
2 2
and the 1 x 1 block is —3.
The eigenvalues of the 2 x 2 block are found from
2—A 2
det = (2-N)?%—4 = A\ -4\
2 2—A

Thus,
AN —4) =0,

which gives the eigenvalues:
A=0 and X=4.

The third eigenvalue, corresponding to the 1 x 1 block, is

Therefore, the eigenvalues of @ are:
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